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Accurate interpretations of large-scale assessment results and sound judgments about
students’ mathematical literacy depend on these assessments’ validity and reliability.
One important type of evidence towards this validation is the dimensionality analysis,
which explores the conformity between the intended factorial structure (related closely
to defining a construct —e.g., mathematical literacy, and its perception) and the
statistical structure of the test results. This study investigates the dimensionality of
mathematical literacy in PISA. Our results show that the structural relationship
between PISA’s theoretical (cognitive) and score interpretation frameworks is not at
an expected level. These results have important implications for the way mathematical
literacy is assessed from mathematics education and psychometric perspectives.

BACKGROUND

This research focuses on the validity of assessment of mathematical literacy at a
large-scale through the lens of the Programme for International Student Assessment
(PISA) by studying the conformity between the intended structure of the cognitive
framework provided for mathematical literacy, and the statistical structure of the
results of students’ scores in the 2009 implementation cycle. Based on the
recommendations from the National Research Council (NRC) (NRC, 2001), the three
components of assessment design: cognition, observation, and interpretation, need to
be coordinated in a consistent and integrated way, as opposed to having them develop
as i1solated from each other. Cognition refers to the model of student learning in the
domain, or mathematical literacy for our study; observation consists of the evidence
provided by the student of the assessed construct; and interpretation entails making
sense of this evidence. Our study is centered on the alignment between the theoretical
framework for cognition and the score interpretation framework provided in PISA’s
2009 assessment of mathematical literacy. There are a limited number of studies
investigating the connection between the assessment framework and results. Schwab
(2007) found that the multidimensional nature of PISA’s science framework was
reflected well in the items. Ekmekci and Carmona (2012) studied the students’
responses to PISA 2003 mathematics items and detected unidimensionality for the
U.S. student population. However, this study extends prior work by conducting a
dimensionality analysis using the database for PISA 2009 for all students’ mathematics
literacy scores from 32 countries in order to better understand the complexities of
assessing mathematical literacy at a large scale.
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Mathematical Literacy

The conversations around being mathematically literate began in the early 80’s and
have continued to gain importance to this day. Furthermore, the standards that have
been set for literacy (being able to read and write) have sifted to incorporate
mathematics as having equal importance in defining literacy (Jablonka, 2003; Moses &
Cobb, 2001). In support of these views, this study is motivated by: (a) the perception of
mathematical literacy through assessments; and (b) the reflection of mathematical
literacy on assessments, especially in large-scale assessments whose results might
have serious impact on education systems globally. In the literature, some math
educators (e.g., Kilpatrick, Swafford, & Findell, 2001) focus on proficiencies or
competencies when defining mathematical literacy, while others (e.g., Ojose, 2011)
describe knowledge and skills. Some others (e.g., Steen, 2001) situate mathematical
literacy according to its connection to real life situations (i.e., context). As diverse as
multiple approaches taken by different mathematics educators and researchers might
be, it seems a consensus that there are multiple dimensions or components constituting
mathematical literacy. For this study, mathematical literacy is defined and viewed as
“a multidimensional construct composed of distinguishable but related components
rather than single, general mathematics ability” (Ekmekci, 2013, p. 1).

Since 2000, the Organisation for Economic Co-operation and Development (OECD)
organizes PISA to assess 15-year olds' skills and competencies in reading, science, and
mathematics through a worldwide large-scale assessment every three years. In its
theoretical (cognitive) framework, PISA presents mathematical literacy as a
multidimensional construct. The following is the program’s given definition of
mathematical literacy.

An individual’s capacity to identify, and understand, the role that mathematics plays in the
world, to make well-founded judgments and to use and engage with mathematics in ways
that meet the needs of that individual’s life as a constructive, concerned, and reflective
citizen. (OECD, 2003, p. 24).

PISA's mathematical literacy framework has a multidimensional structure composed
of three main attributes: content, processes and context. Content is divided into four
sub-dimensions: quantity, space, shape, and change and relationship. The process
dimension has three sub-dimensions: reproduction, connections, and reflection.
Context is composed of four sub-dimensions: personal, educational/occupational,
public, and scientific. The goal of this study is to show how and to what extent this
multidimensional structure is reflected on the actual tests by analyzing dimensionality
of the students’ responses to PISA 2009 mathematics items for 32 countries
participating in the OECD.

Test Dimensionality

One of the most powerful ways to explore the connection and conformity between the
framework for mathematical literacy and its assessment is dimensionality analysis.
Dimensionality of a test could be informally defined as “the minimum number of
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examinee abilities measured by the test items” (Tate, 2002, p.182). If items in a test are
found to have a unidimensional structure, then this set of items are said to be measuring
one dimension of a construct. Similarly, if an assessment is said to be measuring
several 1mportant attributes of a construct, then it i1s expected to have a
multidimensional structure. Issues in development and use of large-scale assessments
such as validity and test fairness are related to test dimensionality. For example,
unidimensionality is one of the basic assumptions of some measurement models such
as Rasch model (Hattie, 1985). The results of the tests whose items are calibrated
according to these measurement models have to produce a unidimensional structure for
construct validation of those tests (Rubio, Berg-Weger, & Tebb, 2001). However, it
might be the case that a test that is intended to be unidimensional measures more than
one latent variable (construct or one dimension of a construct). Conversely, it might be
the case that some factors that do not relate to construct being measured, such as item
type and format, could introduce multidimensionality to the assessment. Therefore,
analyzing the dimensionality of an assessment is important and required for construct
validity and to ensure accurate interpretations of test results.

PROBLEM STATEMENT

The dimensionality of PISA’s mathematical literacy assessment with the inclusion of
data from 32 OECD member countries has not been undertaken before. Thus, this
investigation is an important contribution to the study of its construct and inferential
validity. Moreover, assessing dimensionality of PISA mathematics items is needed to
understand the relationship between the important assessment design components of
PISA’s assessment design for mathematical literacy, as recommended by the NRC
(NRC, 2001). The significance of this study comes from the need to provide evidence
for validation process of PISA’s mathematical literacy assessment. Prior studies (e.g.,
Ekmekci & Carmona, 2012; Schwab 2007) have set the ground in this direction.
However, this study extends prior work by conducting a comprehensive
dimensionality analysis incorporating all students’ responses to mathematics items
from 32 OECD member countries in order to better understand the complexities of
assessing mathematical literacy globally and at a large scale. The following are the
research questions that guided this study.

1. What is the correspondence between the dimensional structure of PISA’s
mathematical literacy assessment framework and its score interpretation
framework in terms of the content, process, and context dimensions?

2. What is the best representation for the dimensional structure of the PISA
mathematics items used to assess students’ mathematical literacy?

METHODS

This study entails a secondary-analysis of the dataset from the OECD’s PISA database.
The data includes student responses to individual mathematics items from 32 OECD
member countries in PISA 2009. There is a variety of ways to test dimensionality of
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tests (see Hattie, 1985, for a comprehensive list). Having a well-developed
mathematical literacy framework in PISA means that there is a strong prior expectation
about the factorial structure of mathematics items (multidimensionality). In presence
of a prior expectation, confirmatory factor analysis (CFA) is considered the best
approach to analyze the structure of the assessed construct, i.e., mathematical literacy

(Kline, 2010; Tate, 2002).

Seven CFA models were developed based on the mathematical literacy dimensions
described in OECD’s assessment framework for mathematical literacy. These models
include a unidimensional model, three (content, process, and context) correlated factor
(1-level) models, and three (content, process, and context) higher order factor (2-level)
models. Correlated factors of 1-level models and factors at the first level of level-2
models are the same factors — the sub-dimensions of each main dimension. The latent
factors for content dimension are thus quantity, space, shape, and change and
relationship. The factors for process dimension are reproduction, connections, and
reflection. Lastly, the factors for context dimension are personal,
educational/occupational, public, and scientific. Sample illustrations for different
types of models are given in Figure 1 below.
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Figure 1: Sample models for the content dimension.

Each CFA model was tested with the student responses to mathematics items. There
were 35 mathematics items in PISA 2009. They were dichotomously scored (correct
and incorrect). The binary nature of the response data requires using a weighted least
squares means and variance adjusted (WLSMV) estimator for CFA (Muthen &
Muthen, 2012). The total number of respondents from 32 OECD member countries
was 276,142. This large sample size could inflate the power of chi-square tests on
which CFA analyses were based (Kline, 2010). Therefore, to avoid Type-I error, a
smaller sample was derived randomly using appropriate sampling weights to avoid any
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bias in the selection. Since the number of mathematics items were large compared to
typical CFA analyses, a minimum of 15,000 observations were needed (lower number
of observations produced incomplete matrices for CFA calculations). This minimum
number also met the criteria for minimum sample size (at least three to five times the
number of correlations between items) for CFA with dichotomous items in the
literature (Tate, 2002).

The statistical software Mplus 6.12 (Muthen &Muthen, 1998-2011) was used to
conduct confirmatory analyses (with WLSMV being the default estimator for
categorical data). For each of the three dimensions, the factorial structure of the
students’ responses and the assessment framework were expected to corroborate each
other. This would provide evidence supporting construct validity of the PISA
assessment. In other words, multidimensionality was expected in the response data.
The first research question addressed how different factorial models (derived from the
PISA’s mathematical literacy framework) would fit the students’ responses to PISA
mathematics items. Goodness of fit indices (GFIs) obtained from CFA analyses such
as comparative fit index (CFI), the Tucker-Lewis index (TLI), and root mean square
error of approximation (RMSEA) were used to evaluate model-fit. Moreover,
individual item parameter estimates (factor loadings and R-square values) were
evaluated to see how each mathematics item behaved in each model (i.e., the
connection between items as observed indicators and their related dimensions as latent
factors).

The second research question related to comparing different structural models in order
to find the best models that represented the dimensionality of response data.
DIFFTEST (alternative version of chi-square difference testing modified for WLSMV
estimator) and AGFI methods were used to compare models within each three main
dimensions (content, process, and context).

Hypotheses

The single-factor model (Model 1) illustrates the hypothesis that PISA mathematics
items measure a single construct labelled as general mathematical literacy (GML). The
second type of models (Models 2-4) embody the hypothesis that the PISA mathematics
items helps explain mathematics knowledge, competencies, and skills in terms of
correlated factors of related dimension (content, process, or context) as the latent
constructs. The third type of models (Models 5-7) illustrates the hypothesis that the
PISA mathematics items measure GML (level-2 factor) by factors (the level-1 latent
variables) of related dimension (content, process, or context).

RESULTS

All seven models were found a good fit for PISA 2009 mathematics items. Model fit
indices are given in Table 1. All of GFI indices were significant according to the
criteria for those indices set by Hu and Bentler (1999). In other words, the responses to
the mathematics items do not contradict any of the models proposed for the
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dimensionality of PISA’s mathematics framework. However, high correlations
between latent factors in level-1 models (with the lowest correlation coefficient of
0.860) and high latent factor loadings in level-2 models (with loadings of at least
0.841) further supported the unidimensionality. Complete table of these values will be
presented in the session. Relating these results to the first research question
(response-framework correspondence), overall model-fit results indicate a rather weak
reflection of the mathematical literacy framework in the structural representation of the
PISA mathematics items. On the other hand, since model-fit indices are relatively
strong for all models, multidimensionality also holds. Therefore, results for model fit
indices imply that there is evidence supporting both the unidimensionality and
multidimensionality of mathematics items in terms of the content, process, and context
dimensions.

Secondly, all of the individual parameter estimates were found significant in each
model meaning that all models provided a good account for factor loadings and that
each mathematics item plays an important role in all models. A complete summary of
individual item parameter estimates will be given in the presentation session. This
supports that the mathematics framework is reflected in the multi-level models of
dimensionality in the PISA mathematics items with respect to the three dimensions.

Modell Model2 Model3 Model4 Model5 Model6 Model 7

v value  743.5 711.2 741.6 729.4 713.7 742.6 731.9

d.f. 560 554 557 554 556 559 556
p-value 0.0000 0.0000 0.0000 0.0000 0.0000 0.000 0.000
CFI/TLI

CFI  0.980 0.983 0.980 0.981 0.983 0.980 0.981
TLI  0.979 0.982 0.979 0.980 0.982 0.979 0.980
RMSEA
Estimate  0.005 0.004 0.005 0.005 0.004 0.005 0.005
[0.004, [0.003,  [0.004, [0.004, [0.003, [0.004,  [0.004,

% C.I.
2% C 0.005] 0.005] 0.006] 0.005] 0.005] 0.005] 0.005]
Prob.
<0.05 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Table 1: Model fit indices (all statistics are significant)

Lastly, model comparison results revealed that the 2-level model performed better with
the PISA 2009 mathematics items in terms of the content and the context dimensions.
Therefore, a multidimensional content and context models were more plausible than
the unidimensional model. However, this is not the case for the process dimension,
where the unidimensional model was preferred to the multidimensional models.
Complete results of the model comparisons (including statistical values) will be
presented at the conference session. The summary of results is provided in Figure 2.
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Content: 2-Level Model > 1-Level Model > Unidimensional Model

Process: Unidimensional Model = 2-Level Model = 1-Level Model

Context: 2-Level Model > 1-Level Model > Unidimensional Model

Figure 2: Model comparisons for PISA 2009.

DISCUSSION AND IMPLICATIONS

In summary, overall results reveal that although the most robust tools identified in the
literature were used for analyzing PISA’s 2009 mathematics literacy test
dimensionality, the results are inconclusive, and in some cases, contradictory. In other
words, the connection between the assessment framework and the statistical structure
of mathematics items is rather weak in that the intended multidimensional nature of
mathematics items is not reflected well enough in the students’ responses. PISA is one
of the most widely recognized and respected assessments in the world, having a
well-articulated and comprehensive mathematical literacy framework and a robust
psychometric design. Yet, the major components of its assessment design are not at an
expected level of corroboration. This has important implications for mathematics
education, measurement, and psychometrics fields.

The authors argue that psychometric methods that are most commonly being used for
large-scale assessments (e.g. Rasch models) might be too limiting to provide evidence
for the types of constructs the field of mathematics education is interested in and in
need of assessing, especially those with multidimensional structure. An important
implication for the field of mathematics education is that this area of study is in high
need of new assessment designs that can bring to bear other views on mathematics
literacy -beyond those addressed in PISA, and that incorporate more current
psychometric models that allow for assessment of mathematical literacy in a
multidimensional manner. This more consistent alignment between the nature of
mathematical literacy construct and psychometric approaches allowing for
multidimensionality in assessments can provide a more encompassing perspective and
more valid assessments, especially those that are implemented at a large-scale and that
have such high stakes decisions in educational systems all over the world.
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