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Tropical Mathematics




Tropical Mathematics

A new mathematics

e Starts with a new arithmetic

e Includes polynomials, curves, higher algebra




Why Tropical Mathematics?

e Coined by French mathematicians

e In honor of Imre Simon, a Brazilian mathematician




Tropical Arithmetic

e Ordinary arithmetic

Real numbers, addition (+) and multiplication (%)

e Tropical arithmetic




Tropical Addition

a® b= the minimum of a and b.

e Examples:

1260=0, 0H(-3)=-3




Tropical Addition Table




Differences

e Subtraction is not always possible.

The equation 3 @ x = 5 has no solution.

The equation 3 ® x = 1 has a solution.




Tropical Multiplication
e a®b=a-+b

Tropical multiplication is the same as ordinary addition.

e Examples:




Tropical Multiplication Table
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Similarities and Differences

e Commutative laws are valid

e T he distributive law still holds.
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. inear Functions
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Linear Functions
e The graph of y = 5 is a straight line with slope 0.
e The graph of y =3 ® x is a straight line with slope 1.
e The graph of y =3 ® x @& 5 is a crooked line.

e Notice:
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Monomials

e Monomials:
2
rr=xrxQRQr=x+x =2

x3:x®x®x=3x

2F =pxux

Monomials are linear functions with integer coefficients.
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Polynomials

Example 1:
p(z) =20 ®rP5

= min{2z + 2,z,5}
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Polynomials

Example 2:
pz) =z P3Qzr P2

= min{2x, x + 3,2}
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Factorization of Polynomials

e Our two example polynomials factor into linear factors.

The factors have the form x & a, where a is a bend point
for the graph.

e Any tropical polynomial can be expressed in one and only

one way as the product of linear factors.




Polynomials in Two Variables

e A monomial represents a linear function.

Example: p(z,y) =3QxRy=3+x+y

e A polynomial represents the minimum of one or more linear

functions.
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Curves

e In ordinary math, the zero set of 2° + y* — 1 is a circle — a

curve.

e In tropical math, the zero set is replaced with the bend set

— a tropical curve.
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Ithe End
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p(x):x2®3®xe-)2
o/
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p(x,y)=x®y®d1




p(x,y) = x2 ® y2 ®4




p(x,y):xz@yz@x@4




