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Rule of Three
If 3 pounds of sugar cost 25 cents, what will 18 
pounds cost at the same rate?
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Rule of Three
If 3 pounds of sugar cost 25 cents, what will 18 
pounds cost at the same rate?

3  :  18  :  :  25  :  ?
18 x 25 = 450
450    3 = 150÷



Your Turn
If 750 men require 22500 rations of bread for a 
month, what will a garrison of 1200 require?
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Your Turn
If 750 men require 22500 rations of bread for a 
month, what will a garrison of 1200 require?

750  :  1200  :  :  22500  :
1200 x 22500 = 27000000
27000000    750 = 36000÷



Practice



Practice
What will 50 yards of tape cost at    of a cent per 
yard?

1
2



Practice
What will 50 yards of tape cost at    of a cent per 
yard?

1  :  50  :  :     :

1
2

1
2



Double Rule of Three
If 8 men, in 16 days, can earn 96 dollars, how 
much can 12 men earn in 26 days?
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Double Rule of Three
If 8 men, in 16 days, can earn 96 dollars, how 
much can 12 men earn in 26 days?

8 12
$96

16 26




12 26 312 96 29952× = × =
8 16 128 29952 128 234× = ÷ =



Position



Position
A schoolmaster, being asked how many scholars 
he had, replied, “If I had as many more as I now 
have, one half as many more, one third and one 
fourth as many more, I should have 296.”  How 
many had he?



Position
A schoolmaster, being asked how many scholars 
he had, replied, “If I had as many more as I now 
have, one half as many more, one third and one 
fourth as many more, I should have 296.”  How 
many had he?
24 + 24 + 12 + 8 + 6 = 74



Position
A schoolmaster, being asked how many scholars 
he had, replied, “If I had as many more as I now 
have, one half as many more, one third and one 
fourth as many more, I should have 296.”  How 
many had he?
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Position
A schoolmaster, being asked how many scholars 
he had, replied, “If I had as many more as I now 
have, one half as many more, one third and one 
fourth as many more, I should have 296.”  How 
many had he?
24 + 24 + 12 + 8 + 6 = 74
74  :  296  :  :  24  :  ?
296 24 7104 7104 74 96× = ÷ =



Position
A schoolmaster, being asked how many scholars 
he had, replied, “If I had as many more as I now 
have, one half as many more, one third and one 
fourth as many more, I should have 296.”  How 
many had he?
96 + 96 + 48 + 32 + 24 = 296 



Double Position



Double Position
A Lady bought damask for a gown, at 8s. per 
yard, and lining for it, at 3s. per yard; the gown 
and the lining contained 15 yards, and the price 
of the whole was £3 10s.; How many yards were 
there of each?
1st Supposition: 6 yds damask, 9 yds lining



Double Position
A Lady bought damask for a gown, at 8s. per 
yard, and lining for it, at 3s. per yard; the gown 
and the lining contained 15 yards, and the price 
of the whole was £3 10s.; How many yards were 
there of each?  Note: £3 10s. = 70s.
1st Supposition: 6 yds damask, 9 yds lining

This is 5 too much.
6 8 9 3 48 27 75× + × = + =



Double Position
A Lady bought damask for a gown, at 8s. per 
yard, and lining for it, at 3s. per yard; the gown 
and the lining contained 15 yards, and the price 
of the whole was £3 10s.; How many yards were 
there of each?  Note: £3 10s. = 70s.
2nd Supposition: 4 yds damask, 11 yds lining



Double Position
A Lady bought damask for a gown, at 8s. per 
yard, and lining for it, at 3s. per yard; the gown 
and the lining contained 15 yards, and the price 
of the whole was £3 10s.; How many yards were 
there of each?  Note: £3 10s. = 70s.
2nd Supposition: 4 yds damask, 11 yds lining

This is 5 too little.
4 8 11 3 32 33 65× + × = + =



Double Position
The two suppositions are written on the left of a 
large X.  The resulting errors are written on the 
right.

6 +5

4 -5X



Double Position
Multiply the numbers on the opposite corners –
the original “cross-multiplication.”

6 +5

4 -5
20 30
X



Double Position
Multiply the numbers on the opposite corners –
the original “cross-multiplication.”

6 +5

4 -5
20 30
X

(20 30) (5 5) 50 10 5+ ÷ + = ÷ =



Alligation
 Alligation Medial
 Alligation Alternate



Alligation
 Alligation Medial



Alligation Medial
A farmer mingled 19 bushels of wheat at 6s. per 
bushel, and 40 bushels of rye at 4s. per bushel, 
and 12 bushels of barley at 3s. per bushel 
together; I demand what a bushel of this mixture 
is worth?



Alligation Medial
A farmer mingled 19 bushels of wheat at 6s. Per 
bushel, and 40 bushels of rye at 4s. Per bushel, 
and 12 bushels of barley at 3s. Per bushel 
together; I demand what a bushel of this mixture 
is worth?

19 6 114 40 4 160 12 3 36× = × = × =



Alligation Medial
A farmer mingled 19 bushels of wheat at 6s. Per 
bushel, and 40 bushels of rye at 4s. Per bushel, 
and 12 bushels of barley at 3s. Per bushel 
together; I demand what a bushel of this mixture 
is worth?

19 6 114 40 4 160 12 3 36× = × = × =

114 160 36 310 310 71 4.37+ + = ÷ ≈



Alligation Alternate



Alligation Alternate
A vintner has three kinds of wine, viz. one kind 
at 160 cents per gallon, another at 180 cents, and 
another at 240 cents; how much of each kind 
must he take to make a mixture, worth 190 cents 
per gallon?



Alligation Alternate
Wine #1 160

Wine #2 180

Wine #3 240



Alligation Alternate
Wine #1 160 -30

Wine #2 180 -10

Wine #3 240 +50



Alligation Alternate
Wine #1 160 -30

Wine #2 180 -10

Wine #3 240 +50

2

1

1



Alligation Alternate
A man being determined to mix 10 bushels of 
wheat, at 4s. per bushel, with rye at 3s. with 
barley at 2s. and with oats at 1s. per bushel; I 
demand how much rye, barley and oats, must be 
mixed with the 10 bushels of wheat, that the 
whole may be sold at 28d per bushel?



Alligation Alternate
Grain Price Qty
Wheat 48d 10 bu
Rye 36d ?
Barley 24d ?
Oats 12d ?



Alligation Alternate
Grain Price Qty Diff
Wheat 48d 10 bu +20
Rye 36d ? +12
Barley 24d ? -4
Oats 12d ? -16



Alligation Alternate
Grain Price Qty Diff Prod
Wheat 48d 10 bu +20 +200
Rye 36d 4 +12 +48
Barley 24d 22 -4 -88
Oats 12d 10 -16 -160



State of Problem Solving
 Rule-based instruction
 No support for conceptual understanding
 Emphasis on adult applications



Problem-solving Revolution



Colburn’s “First Lessons”
 Based on Colburn’s classroom experience
 Used age-appropriate numbers and situations
 No rules
 Concepts developed inductivly
 Replaced all the older techniques



Pestalozzian Texts



Colburn’s Method



Colburn’s “First Lessons”
 Recognized as the best book for early 

instruction
 Continued to sell well into the 1890s
 Sold 100,000 per year nationally
 Methods still in use in 1950s
 Well-aligned to NCTM Standards



Colburn’s “First Lessons”
If 8 men can build a wall 15 rods in length in 10 
days, how many men will it take to build a wall 
45 rods in length in 5 days?



Colburn’s “First Lessons”
If 8 men can build a wall 15 rods in length in 10 
days, how many men will it take to build a wall 
45 rods in length in 5 days?

8 3 2 48 men× × =



Beyond Colburn
“The Scholar’s Arithmetic, published in 1801, is 
synthetic.  If that is a fault of the work, it is a 
fault of the times in which it appeared.  The 
analytic or inductive method of teaching, as now 
applied to elementary teaching, is among the 
improvements of later years.”



Beyond Colburn



Beyond Colburn



Analytical Method
If three apples cost 6 cents, what will 4 apples 
cost?



Analytical Method
If three apples cost 6 cents, what will 4 apples 
cost?
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3

If 3 apples cost 6 cents,
1 apple will cost  of 6, or 2 cents.

4 apples will cost 4 times as much, or 8 cents.



Analytical Method
If three apples cost 6 cents, what will 4 apples cost?

1
3

If 3 apples cost 6 cents,
1 apple will cost  of 6, or 2 cents.

4 apples will cost 4 times as much, or 8 cents.



Analytical Method

3
4

If one ton of hay cost 8 dollars,
what will  of a ton cost?



Analytical Method

3
4

If one ton of hay cost 8 dollars,
what will  of a ton cost?

1 1
4 4

If one ton of hay costs 8 dollars,
 of a ton will cost  of 8, or 2 dollars.

3And  of a ton will cost 
4

three times as much, or 6 dollars.



Analytical Method

1 1
4 4

If one ton of hay costs 8 dollars,
 of a ton will cost  of 8, or 2 dollars.

3And  of a ton will cost 
4

three times as much, or 6 dollars.



Analytical Method
3
4

If  of a ton of hay costs 6 dollars,
how much will one ton cost?



Analytical Method
3
4

If  of a ton of hay costs 6 dollars,
how much will one ton cost?

3
4

1 1
4 3

1 4
4 4

If  of a ton of hay costs 6 dollars,
 of a ton will cost  as much, or 2 dollars.

And if  of a ton costs 2 dollars,  of a ton, 
or one ton, will cost 4 times as much, or 8 dollars.



Analytical Method
3
4

1 1
4 3

1 4
4 4

If  of a ton of hay costs 6 dollars,
 of a ton will cost  as much, or 2 dollars.

And if  of a ton costs 2 dollars,  of a ton, 
or one ton, will cost 4 times as much, or 8 dollars.



Analytical Method
3
4

4
5

If  of a ton of hay costs 15 dollars,
what will  of a ton cost?



Analytical Method
3 1
4 4

1 4
3 4

If  of a ton of hay costs 15 dollars,  of a ton 
will cost  as much, or 5 dollars.  Then , or one
ton, will cost 4 times as much, or 20 dollars.

1If one ton costs 20 dollars,  of a ton will cost
5

1
5

1
5

  

of 20, or 4 dollars.  And if  of a ton cost 4 
4dollars,  of a ton will cost 4 times as much, 
5

or 16 dollars.



Analytical Method



Relevance to Today
 Real Understanding of Fractions
 Mental Math Skills
 Critical Building Block for Estimation
 Analytic Thinking Skills of Algebra
 Mathematical Sense-Making



What Can I do?
 Teach with Manipulatives
 Use Age-appropriate problems
 Connect Division to Unit Fractions
 Give Mental Calculations
 Think-Alouds with Choral Responses
 Solutions with Defense of Answer



Examples:
 What is    of 28?3

4



Examples:
 What is    of 28?
 What is 40% of 70?

3
4



Examples:
 What is    of 28?
 What is 40% of 70?
 If two apples cost 50 cents, 

what will 5 cost?

3
4



Example:
What is 80% of 50?
Solution:  What is 10% of 50? [5]  Then 80% 

will be 8 times as much. [40]



Example:
320 is 80% of what number?

Solution: The answer is 400. 
Defense: If 320 is 80% of the number, then 10% 

of it will be an eighth of that, or 40.  
Then the whole amount, or 100%, will 
be ten times as much, or 400.



19th Century Problem Solving
Began as a British legacy that
 Was based on memorizing rules and
 Treated children as little adults



19th Century Problem Solving
Revolutionized by Colburn into a method that
 Used real objects to teach concepts, not rules
 Inductively developed the concepts
 Developed mental math skills and
 Real understanding of the concepts



Contact Info:

ahoward@houstonchristianhs.org



http://www.houstonchristianhs.org/web-ahoward.asp



Questions?
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